We have calculated the exchange-energy contribution to the total energy of quasi-two-dimensional hole systems realized by a hard-wall quantum-well confinement of valence-band states in typical semiconductors. The magnitude of the exchange energy turns out to be suppressed from the value expected for analogous conduction-band systems whenever the mixing between heavy-hole and lighthole components is strong. Our results are obtained using a very general formalism for calculating the exchange energy of many-particle systems where single-particle states are spinors. We have applied this formalism to obtain analytical results for spin-3/2 hole systems in limiting cases.
I. INTRODUCTION AND OVERVIEW OF MAIN RESULTS
In many cases, Coulomb interactions in many-electron systems can be accounted for by perturbation theory.
1 This is usually possible at sufficiently high densities where the single-particle (kinetic-energy or banddispersion) contribution to the ground-state energy dominates. In lowest order, interactions give rise to the Hartree and exchange-interaction terms. The Hartree term embodies the purely electrostatic Coulomb potential energy of the electrons. In a uniform system, the Hartree contribution is cancelled by the neutralizing background of ionic charges in the solid. What remains is the exchange term, which we focus on in this work.
Since their experimental realization, quantum-confined systems have become attractive laboratories for the study of interacting electrons because interaction effects are enhanced in low spatial dimensions.
1 Examples include the exchange enhancement of parameters such as spin susceptibility and effective mass in quasi-twodimensional (quasi-2D) conduction-band electron systems. [2] [3] [4] Curiously, experiments on similarly confined valence-band (hole) states seem to indicate the absence of exchange-related renormalizations of electronic parameters. [5] [6] [7] Here we reveal a possible origin of this suppression of interaction effects in quasi-2D hole systems: the high effective spin associated with valenceband states. Peculiar Coulombic effects arising from the spin-3/2 character of holes have previously been noted for bulk semiconductors. [8] [9] [10] [11] More recent theoretical studies have focused also on quasi-2D hole gases. [12] [13] [14] [15] [16] Our results provide new insight into the effect of valence-band mixing on physical properties of confined holes, and the formalism developed here can also form the basis for further detailed studies of interaction phenomena in experimentally realized quasi-2D hole systems.
The multi-band envelope function approach to electron states in crystalline solids implies that eigenstates are (in principle, infinite-dimensional) spinors 17 which affect the matrix elements describing physical processes in important ways. For an n-fold degenerate band, we may often restrict ourselves to n spinors. The states in the lowest conduction band are usually non-degenerate, except for spin, so that the spinor structure may often be ignored. A nontrivial example are hole states in the topmost valence band of common semiconductors such as Si, Ge, GaAs, InAs, and CdTe. The bulk valence band in these materials is four-fold degenerate at the band edge, corresponding to an effective spin 3/2. Away from the band edge, the dispersion splits into the doubly degenerate heavy-hole (HH) and light-hole (LH) bands. In quasi-2D systems, the quantum-well confinement results in an energy splitting between HH and LH bands such that the subbands are only two-fold degenerate, even at the subband edge with in-plane wave vector |k| ≡ k = 0. Nevertheless, states in these subbands need to be described by four-spinors and, except at k = 0, these are never pure HHs or LHs. Figure 1 shows the subbands obtained for a hard-wall confinement of holes within the axial approximation for three semiconductor materials. The nontrivial physics arises due to the fact that the degeneracy of the subbands at any fixed value of energy and wave vector k is lower than the number of spinors needed to describe the dynamics of the Bloch waves. Similar physics applies also to, e.g., 2D electron systems with Rashba spin-orbit (SO) coupling. [18] [19] [20] However, it was found that the exchange energy of such systems deviates only marginally from that of a simple 2D electron gas, 21, 22 while the properties of collective excitations can be more strongly affected by SO coupling.
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As a reference for our discussion below, we briefly review the textbook problem 1 of the exchange energy per particle for a 2D electron gas with zero thickness perpendicular to the 2D plane, giving 1,24,25
Here N is the number of electrons, C ≡ e 2 /(4πǫǫ 0 ) is the Coulomb-interaction constant, ρ is the electron sheet 0.5
2. Exchange energy per particle EX/N for a hardwall-confined quasi-2D hole system in GaAs (solid red curve), InAs (dash-dotted red curve), and CdTe (dotted red curve). C ≡ e 2 /(4πǫǫ0) is the Coulomb-interaction constant, kρ denotes the Fermi wave vector, and d is the quantum-well width. The blue dashed curve shows the result (2) based on the EMA. The orange dashed curve is EX/N for a spin-3/2 hole system described by a multi-spinor wave function with equal amplitudes for the heavy-hole and light-hole components.
The universal function Λ (EMA) (k ρ d) was expressed in Ref. 27 in terms of a Taylor expansion in its argument. In the following, we will refer to Eq. (2) as the effective-mass approximation (EMA) to the exchange energy. We note that the exchange energy in quasi-2D systems is generally reduced with increasing quantum-well width d.
Frequently the exchange energy is expressed in terms of the dimensionless density parameter r s , which in 2D is the ratio between the Coulomb energy C √ πρ and the kinetic energy πρ 2 /m * , assuming a parabolic dispersion E k = 2 k 2 /(2m * ) with effective mass m * . In the current work, we avoid using the parameter r s = m * C/( 2 √ πρ), the reason being that the systems we study here do not have a simple parabolic energy dispersion.
Using the numerically calculated multi-spinor envelope functions for quasi-2D hole systems, we evaluate their exchange energy and find it to deviate from the EMA expression (2) . As Fig. 2 shows, the EMA behavior is exhibited in the low-density, small-width limit where the system's states are essentially HH-like. 20 However, at larger densities, even with still only the lowest quasi-2D subband occupied, the character of the wave functions becomes mixed, with eventually the HH and LH components having almost equal weight (see Fig. 3 Ref. 20) . The exchange energy turns out to be suppressed compared to the EMA value as soon as the contributions from LH components become significant. This can be seen from Fig. 3 in conjunction with Fig. 2 . We obtain good agreement between the asymptotic behavior of E X at large densities and an analytical expression obtained within a simplified model with equally distributed HH and LH amplitudes. This supports our hypothesis that the suppression of exchange effects in quasi-2D hole systems arises as a consequence of valence-band mixing.
In the remainder of this paper, we provide details of the calculations and further information to illustrate our conclusions. The basic formalism for calculating the exchange energy of quasi-2D systems is described in Sec. II. In Sec. III, we review known results for quasi-2D spin-1/2 electron systems that provide a benchmark for comparison with analogous hole systems. The formalism for calculating the exchange energy of spin-3/2 quasi-2D hole systems and a discussion of the obtained results are given in Sec. IV. The conclusions of our work are summarized in the final Sec. V.
II. EXCHANGE ENERGY OF QUASI-2D SYSTEMS A. General formalism
In its most general form, the many-body Hamiltonian of interacting band electrons reads
where A is the system volume (i.e., area in the 2D case), and the operatorsĉ nk (ĉ † nk ) annihilate (create) an electron with wave vector k. Note that in the presence of SO interaction the spin quantum number is, by itself, not a good quantum number. Thus n is a common index for the orbital motion in a (sub)band and the spin degree of freedom. 20 In the following, we focus on the case of a quantum-well-confined system, hence the indices n i are labeling quasi-2D subbands and k ≡ (k x , k y ) is a 2D vector. We use the jellium model and therefore the q = 0 component of the interaction is not present, as it cancels with the external potential due to the homogeneous positive-charge background that ensures charge neutrality. Treating the interaction part of the Hamiltonian in first-order perturbation theory gives the following correction to the expectation value of the energy of the system:
where . . . 0 indicates the expectation value with respect to the equilibrium density matrix of the non-interacting system. The correction (4) is the exchange contribution to the energy. We now notice that
where n F (E) is the Fermi function. Transforming the sums over wave vectors into integrals and using the relation above, the exchange energy reads (6) where we have introduced the abbreviation V
As a side remark we can define the Fock self-energy as
The exchange energy, Eq. (6), is an an extensive quantity. It is customary to present the exchange energy per particle as a related intensive quantity (ρ ≡ N/A),
Finally we notice that, in the zero-temperature limit considered here, the Fermi function becomes n F (E) = Θ(E F − E), where Θ(E) is the Heavyside step function and E F the Fermi energy. Calculation of the quantities given in Eqs. (7)-(8b) requires explicit knowledge of the interaction matrix elements. We now discuss their most general form for a quasi-2D system. The eigenfunctions of the multi-band envelopefunction Hamiltonian describing a quasi-2D system take the generic form
where r = (x, y) is the coordinate in the 2D plane, k the in-plane wave vector, and ξ (ν) nk (z) denotes the νth spinor component of the envelope function for the nth subband in the basis of bulk band-edge Bloch functions u ν (r, z). Using the general expression (9) for the electron states, the Coulomb matrix elements are given by
with form factors
that take into account the finite quantum-well width as well as the spinor structure of quasi-2D states. More specifically, we obtain for the exchange matrix elements
Equation (8a) combined with Eqs. (12a) and (12b) provides the most general expression for the exchange energy of a quasi-2D many-particle system in a multiband envelope-function formulation. We would like to make the following remarks concerning Eq. (12). (i) The z (z ′ ) integration probes the overlap between spinor components for the same spinor index ν (ν ′ ); in the end we sum over ν and ν ′ . In contrast to the usual textbook case, terms with ν different from ν ′ generally contribute to the exchange energy. (ii) The exchange matrix elements for quasi-2D systems are reduced as compared with the corresponding quantities for a strictly-2D system because e
We note the symmetries 
The second relation in Eq. (13) implies the symmetry V
k ′ k , which can be useful to aid efficient numerical computation of Eq. (8a). (iv) Finally, we point out that the generalized exchange matrix elements (12) can give interesting physics for a nontrivial orbital dynamics that can be expressed in spinor form (as is the case for, e.g., graphene), for a nontrivial k dependent spin texture (as is the case for, e.g., systems with Rashba SO coupling), as well as for the most general case of coupled multiband dynamics with SO coupling, where spin and orbital motion are not separable (as is the case for, e.g., quasi-2D hole systems).
B. Axial Approximation
In the following, we employ the axial aproximation, where the spinor components ξ
(15) Here we have expressed the 2D wave vector k in polar coordinates, k = (k, θ), and m ν is the z projection of total angular momentum associated with the band edge Bloch function u ν . The axial approximation reflects the fact that it is often possible to group the basis spinors u ν= (0, . . . , 0, 1, 0, . . . , 0) into degenerate multiplets associated with a total angular momentum j ν and z projections m ν . Within the axial approximation, we find
with radial form factors
Separating out the most important effect of the angular dependencies, we rewrite Eq. (16) as follows:
From the expression (18) for the Coulomb-interaction exchange matrix elements, the effect of a nontrivial spinor structure of the quasi-2D wave function becomes apparent. The first term on the r.h.s. of Eq. (18) represents the usual form-factor renormalization of the exchange energy in a 2D system. 29 The second term only contributes for spinor wave functions with more than a single nonvanishing component.
Inserting (18) into the expressions for the self-energy correction due to exchange eventually yields
where k Fn is the Fermi wave vector of subband n, and the form factors become
Assuming we have ℵ spin-resolved subbands occupied, this can be rephrased in the "dimensionless" form
where k ρ = n k 2 Fn /ℵ ≡ 4πρ/ℵ is a density-related wave vector that coincides with the Fermi wave vector of a 2D electron system with ℵ-fold (spin-)degenerate eigenenergies.
C. Subband k · p method
To calculate the form factors A
n ′ k ′ ,nk , the explicit form of the spinor functionsξ
nk (z) is needed. The subband k · p method 30,31 yields these as superpositions of subband-edge states,
with expansion coefficients a (ν,m) nk . The radial form factors are then given by
For a hard-wall confinement of width d, one has
with m = 1, 2, . . . , independent of the spinor index ν. In this case, the form factors (24) can be evaluated explicitly, is odd.
III. RESULTS FOR SPIN-1/2 2D SYSTEMS
A. Zero-width 2D systems
To make connections with previous results, we apply the general formalism described in the previous Section to a 2D electron system whose transverse density profile is a delta function in z. In this case, only Φ 11 11 (s → 0) = 1 from Eq. (26) is relevant. The form factor (19b) is then only a function of ϕ, and its explicit expression depends on the particular type of electron system. For example, in a ℵ-component system modeled within the EMA, we can use the component-related quantum number as the band label. Hence,Ā
which specializes to the expression (1) for a spin-1/2 system where ℵ = 2. In contrast, if the 2D electrons are subject to Rashba SO coupling [18] [19] [20] 
where k so measures the strength of the Rashba SO coupling, the Fermi surface splits into two circles with radii k F± = k ρ √ 1 ± χ, where χ = (ρ + − ρ − )/ρ is the density imbalance between the two Fermi seas. We find
The exchange energy is then the sum of intra-band and inter-band contributions
with
Here K(·) and E(·) denote complete elliptic integrals of the first and second kind, respectively, as defined in Ref. 32 . The term in square brackets in Eq. (30) expresses the correction caused by Rashba SO coupling to the simple exchange energy ε X of a 2D electron gas with zero width. Explicit calculation shows that
inter (χ) < 1.002 (32) for any value of χ, i.e., the presence of Rashba SO coupling very slightly enhances (the magnitude of) the exchange energy of the 2D electron gas. 21 (See Fig. 3 of Ref. 22 for a clear illustration.) Note that the inequality in Eq. (32) holds for parabolic bands with any values of the effective mass and Rashba SO-coupling strength. The rather small magnitude of this effect is due to a subtle interplay between the intra-band and inter-band contributions for the special case of Rashba SO coupling and does not hold for arbitrary types of SO coupling. 
In the EMA case appropriate for electron systems, using again the spin projection as band label, we have
11 (s) δ nn ′ . This yields the result (2), shown as the blue dashed curve in Fig. 2 . The widthdependent function Λ (EMA) (x) can be expressed as a Taylor series
with coefficients
This Taylor expansion is quickly convergent. For an error of less than 10%, going up to n = 4 is sufficient to describe quasi-2D systems within the density range k ρ d < √ 3π, where only the lowest subband is occupied.
IV. EXCHANGE ENERGY OF SPIN-3/2 2D HOLE SYSTEMS
A. Theoretical description of 2D hole systems
We have calculated the exchange contribution to the ground state energy of quasi-2D hole systems, assuming the common case that the density is such that only the lowest HH-like band is occupied. 33 The quantum-well growth direction is assumed to be parallel to the [001] crystallographic axis, and we considered three different host materials: GaAs, InAs, and CdTe.
We adopt the 4×4 Luttinger model, 34 including a potential V (z) that models the confinement in z-direction. To be specific, we assume infinitely high barriers at z = 0 and z = d, with d the width of the quantum well. Using the eigenstates for spin projection perpendicular to the 2D plane as basis states such that u 3/2 = (1, 0, 0, 0), u 1/2 = (0, 1, 0, 0), . . . , the Luttinger Hamiltonian for z [001] is given in matrix representation by
where
Here k ± = k x ± ik y in terms of the components of the inplane wave vector k = (k x , k y ), k z = −i∂/∂z, and γ 1,2,3 are the material-dependent Luttinger band-structure parameters. Their values for the three semiconductor materials considered here are given in Table I .
As the second term in Eq. (36d) [the one proportional to (γ 2 − γ 3 )] is generally small, it is often neglected in the matrix element M of the Hamiltonian (35) . This constitutes the axial approximation 20,37,38 that we also adopt here. As can be seen from Eq. (35) , H L is diagonal for k = 0, which implies that the corresponding eigenstates are of purely HH or LH character. We utilize the subband k · p theory, 30, 31 described in Sec. II C above, to numerically solve the multi-band Schrödinger equation for the confined valence-band states. Using this method, the subband dispersions E nk and the coefficients a (ν,m) nk from Eq. (21) are obtained. We include as many basis functions as are necessary to ensure accuracy of the lowest few subband dispersions. Fig. 1 shows the quasi-2D subbands obtained for CdTe, GaAs, and InAs.
The eigenspinors corresponding to states in the lowest doubly degenerate quasi-2D hole subband are used to determine the radial form factors from Eq. (22), with analytical expressions for the bound-state form factors (24) given in Eq. (26) . Using the result as input for Eqs. (19a) and (19b), the exchange energy of the quasi-2D hole system can be calculated. A modified quadrature method 39, 40 was applied to treat the singularity in the integrand of Eq. (19a).
B. Zero-width limit
In the zero-width limit, only a single pair of degenerate 2D hole subbands exist with eigenstates that are of purely HH character, i.e., only the spinor entries related to the ±3/2 spin projection quantum numbers are nonzero. This situation is analogous to the EMA-based description of a spin-1/2 2D electron system. For example, using the representation where the two bands are related to eigenstates (1, 0, 0, 0) and (0, 0, 0, 1), we have no inter-band contribution to the exchange energy, and the intra-band contribution yields Eq. (1).
C. Fully HH-LH-mixed limit
In real quasi-2D hole systems, the states at finite inplane momentum are not anymore eigenstates of spin projection perpendicular to the 2D plane. 20 In fact, in the limit of large kinetic energy of the in-plane motion, the spinors have approximately equal admixture of HH and LH components. This is illustrated in Fig. 3 . In this limit, we can approximate the true spin-3/2 spinor wave functions from the two degenerate lowest subbands by as- 
with Φ 11 11 given in Eq. (33) . The resulting width dependence of the exchange energy is shown as the orange dashed curve in Fig. 2 . Similar to Eq. (34) we can perform the Taylor expansion
with expansion coefficients
To describe quasi-2D hole systems within the density range, where only the lowest subband is occupied, and with an error of less than 10%, it is sufficient to go up to n = 6.
D. Numerical results for the general case
The variation of the exchange energy as a function of Fermi wave vector and quantum-well width is shown in Fig. 2 . In the low-density, small-width limit, the curve coincides with the plot of the expression (2) obtained for the EMA quasi-2D system. In contrast, the fully mixed case (38) provides a very good description in the limit of large densities. The small deviation that persists in the asymptotic limit arises due to our assumption of a single sine-wave contribution to the hole bound state in the full-mixing model considered above.
To further bolster our argument that HH-LH mixing is the origin of exchange-energy suppression in quasi-2D hole systems, we have calculated the HH character C HH of the states at the Fermi energy by integrating the combined probability densities for the ±3/2 spin projection entries in the corresponding four-spinor wave function. In terms of the latter's expression as a superposition of states at k = 0 [see Eq. 
The results for GaAs, InAs, and CdTe are shown in Fig. 3 . Comparison with Fig. 2 shows that the deviation from the behavior expected for a simple quasi-2D spin-1/2 electron system occurs when the hole states at the Fermi energy are no longer of purely HH character.
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V. CONCLUSIONS AND OUTLOOK
We have calculated the exchange-energy contribution to the total energy of hard-wall-confined quasi-2D hole systems when only the lowest subband is occupied. Even though there is only a double degeneracy of states in this band, the wave functions are four-spinors associated with the intrinsic spin-3/2 degree of freedom for valence-band states. At sufficiently low densities and/or small quantum-well widths when the quasi-2D hole states are almost purely heavy-hole-like, the behavior resembles that of ordinary (spin-1/2) quasi-2D electron systems. However, as soon as the light-hole admixture in the spinors becomes appreciable, the exchange energy turns out to be suppressed.
Performing calculations for the specific case of a hardwall confinement enabled us to obtain analytical expressions for relevant limiting cases and compare these with the numerically calculated results for the exchange energy of quasi-2D hole systems. However, the general formalism to calculate the exchange energy in confined multi-band systems that is developed in this work can be readily adapted to more accurate descriptions 20 of hole quantum wells. Our results provide strong evidence that the suppression of exchange effects will be a general feature of any situation where HH-LH mixing is substantial, and we therefore propose this mechanism as the basic explanation of an experimentally observed absence of exchange renormalizations in quasi-2D hole systems.
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Depending on sample details, this behavior may occur in different parameter regimes, e.g., while HH-LH mixing is strong for larger densities for a hard-wall confinement, the fully mixed regime occurs at low densities for a density-dependent triangular potential realized in single heterojunctions. Further studies are needed to provide a basis for accurate comparisons with experimental data, as the actual shape of the confinement potential and the (here neglected) anisotropy of the dispersion may influence the exact functional dependence of the exchange energy on characteristic system parameters such as the 2D-hole sheet density.
